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Jyväskylä, Finland.The rheological nature of paper or board is usually treated either as elasto-plastic or as viscoelastic
depending on the studied paper making process or behavior in converting and end use. In this paper
we study several stress–strain curve models and the determination of material parameters from an elas-
to-plastic point of view. Finally, a suitable approach for all stress–strain curves measured from 180 strips
is constructed using a linear function for an elastic region and a nonlinear function for a strain hardening
region. This model determines a proportional limit (elastic limit) and gives fairly elegant dependencies
between material/ﬁtting parameters and two important factors of mechanical properties of paper: dry
solids content and anisotropy. In this paper the dependency of a plastic strain on dry solids content
and anisotropy is estimated using the introduced stress–strain curve model. Correspondingly, the model
can be used to estimate many other mechanical behaviors, for example, the tension differences arising
from non-uniform moisture content of the paper web proﬁle. However, the main target of this study is
to produce competent parameters based on modeled stress–strain curves for further construction of a
material model. This elasto-plastic material model will be utilized in out-of-plane deformation and frac-
ture models.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Mechanical properties of paper and board are important factors
affecting the whole life-cycle of a product, including paper/board
quality, production, converting and material and energy savings.
Paper and board are mainly composed of natural ﬁbers and their
fragments, natural starch and mineral ﬁllers and coatings. These
components form an anisotropic and heterogeneous network,
which mechanical properties are complicated result of the
mechanical properties of raw materials, the bonds between ﬁbers
and network properties on the microscopic level (Niskanen,
1998). On the macroscopic level, paper can be described as elas-
to-visco-plastic nonlinear continuum material (Skowronski and
Robertson, 1986). The mechanical properties of paper depend on
several factors, which are common for most materials, such as
temperature (Caulﬁeld, 1990), production history (Silvy, 1971;
Wahlström and Fellers, 2000) and anisotropy (Xia et al., 2002),
but also factors that are typical for natural materials such as dry
solids content (Kouko et al., 2007; Uesaka et al., 1989; Yeh et al.,ll rights reserved.
: +358 20 482 6665.
.-L. Erkkilä).
ence, P.O. Box 207, FI-401011991) and the variation of raw material properties (Alava and
Niskanen, 2006).
In paper manufacturing or the web-fed printing process, the
continuous, moving paper web has to be transported from one pa-
per/printing machine component to another. Tension is needed in
the web velocity direction (machine direction, MD) when the paper
web is moved from one roll surface to another. Within transporta-
tion from press section to drying section the dry solids content
(DSC) of the paper web may be as low as 35%, while in other pro-
duction stages it may increase up to 98%. The needed web tension
is generated by straining the web in MD and controlled by velocity
difference between supporting surfaces. When the generation and
maintenance of suitable tension is considered, the time-dependent
stress–strain behavior of both the wet and dry web is an essential
factor. This strain controlled web transporting also generates plas-
tic deformations on paper. Plastic deformations may vary locally
and in different directions, because of irregularity in paper struc-
ture, anisotropy and processing conditions. These variations may
contribute to several functionality or quality problems from roll
defects to out-of-plane deformations like curl or cockling (see
Fig. 1). Depending on application, mechanical behavior of paper
is modeled as elastic (Johnson and Urbanik, 1984; Leppänen
et al., 2005; Mann et al., 1979; Ostoja-Starzewski and Stahl,
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Fig. 1. Examples of out-of-plane deformations of paper: (a) measured cockling of newspaper sample, (b) simulated cockling, (c) picture of ﬁne paper curl and (d) simulated
curl. Simulations performed using model presented in Ref. Lipponen et al. (2008b).
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Fig. 2. Orientation distributions for anisotropy values (a) 1.20, (b) 1.51 and (c) 2.02. Twelve different / values are shown in the distributions.
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Fig. 3. Examples of different stress–strain curves of paper. Corresponding curves
with ﬁtted results for every ﬁtting approach are presented in appendixes.
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and Ostoja-Starzewski, 2003; Lipponen et al., 2008b; Mäkelä and
Östlund, 2003; Ostoja-Starzewski and Castro, 2003; Stenberg
et al., 2001; Xia et al., 2002), viscoelastic (Brezinski, 1956; Lif
et al., 2005; Lu and Carlsson, 2001; Steenberg, 1947; Uesaka
et al., 1980, 1989) or sometimes even as viscoplastic (Cofﬁn, 2008).
The ductile (or brittle) nature as well as material parameters of
paper depends highly on ﬁber properties and their treatments, the
paper making process (Setterholm and Chilson, 1964), paper struc-
ture anisotropy and ambient conditions such as humidity and tem-
perature. Different paper grades, such as magazine, tissue,
greaseproof or sac paper, are designed to fulﬁll the purpose of
use. The testing of wet (DSC below about 65%) paper is challenging
and only a few empirical studies of machine made papers with
anisotropic structure are reported (Kouko et al., 2007). The
‘‘semi-wet’’ (DSC about from 70% to 85%) is an even more rarely
studied area although many important mechanical and shrinkage
phenomena are at their most intense phase at those dry solid con-
tents (Land et al., 2010; Nanko and Wu, 1995). The stress–strain
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Fig. 4. Measured (marked by crosses) and ﬁtted stress–strain curves (solid line) when different one region models are used. The offset point is marked with a square and the
failure point with a triangle. If the model in question estimates the elastic modulus or ﬁnite slope at zero strain, it is drawn as a dashed line starting from the origin of the
stress–strain diagram. Dry solids contents is 75.3% and anisotropy index / ¼ 1:421. The models considered are (a) hyperbolic (r2 ¼ 0:9807), (b) exponential (r2 ¼ 0:9952), (c)
power law (r2 ¼ 0:9988), (d) Ramberg–Osgood with ﬁxed E (r2 ¼ 0:9967) and (e) Ramberg–Osgood with three free parameters (r2 ¼ 0:9988).
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Fig. 5. The 0.01%, 0.05%, 0.1% and 0.2% offset lines have been drawn to different stress–strain diagrams. In (a) DSC = 96.4% and / ¼ 0:814 while in (b) DSC = 66.3% and
/ ¼ 0:704. The ﬁtting using Hill’s expression (Eq. (6)) is applied to the sample presented in (b) with different offset strains. Offset strains in (c) are 0.01% and 0.2%, in (d) 0.01%
and 2% and in (e) 0.2% and 2%. Measured data points are marked with crosses, offset points with squares and failure points with triangles.
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linear behavior so that the well-deﬁned yield point (elastic limit)
does not exist. The difﬁculty of determining the paper’s yield
point is emphasized by such a rheological property of paper that,
in addition to a time-independent component, the deformation
has a time-dependent component, which may be observed as a
delayed strain recovery at zero stress (Skowronski and Robert-
son, 1986).
The structural anisotropy arises from the paper making process,
which usually orients ﬁbers to align more along the machine direc-tion than the transverse direction (cross direction, CD), so that ﬁber
orientation distribution is virtually always anisotropic. In addition
to ﬁber orientation anisotropy the level of mechanical anisotropy is
affected by the paper making process in such a way that in the
velocity direction of the web (MD) the tension needed for stable
transfer increases the elastic modulus and decreases the breaking
strain in that direction. In the transverse direction (CD) no external
tension is applied and the web can deform more freely at the
edges, although in the middle of the web the most shrinkage is pre-
vented by internal forces.
2154 A.-L. Erkkilä et al. / International Journal of Solids and Structures 50 (2013) 2151–2179In this study the main objective is to ﬁnd a procedure to process
experimental data of load-elongation tests into such a data set of
material parameters, which can be utilized in construction of elas-
to-plastic material model and in structure and process based sim-
ulations of out-of-plane deformations (Lipponen et al., 2008a,b,
2009a) and fracture. The following requirements were set as tar-
gets for the approach:
1. The same ﬁtting procedure (model) is capable of describing all
measured cases from low DSC to high DSC as well as from
low anisotropy to high anisotropy.50 60 70 80 90 100
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Fig. 6. Coefﬁcient of determination r2 in different DSC levels between measured and ﬁtt
with ﬁxed elastic modulus and (e) Ramberg–Osgood with three free ﬁtting parameters
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Fig. 7. Coefﬁcient of determination r2 in different anisotropy index levels between me
Ramberg–Osgood with ﬁxed elastic modulus and (e) Ramberg–Osgood with three free ﬁ2. The yield point equal with the proportional limit can be deﬁned
and the elastic part (e < ey) has to behave linearly. (The yield
point, elastic limit and proportional limit are considered to be
equal in this study.)
3. Modeled material parameters should behave as monotonic
functions of DSC and anisotropy.
The determination of the plastic behavior is essential when the
process induced phenomena are studied. An orthotropic elasto-
plastic continuum mechanical model requires deﬁnition of yield
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requirement arise from studied phenomena (for example cockling)50 60 70 80 90 100
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Fig. 8. Error in stress at failure between measured and ﬁtted curves when (a) hyperbolic,
(e) Ramberg–Osgood with three free ﬁtting parameters is used.
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Fig. 9. Elastic modulus or derivative at zero strain as a function of DSC and anisotropy in
with three free parameters is used.where the local variation of the material properties and the condi-
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Fig. 10. Examples of measured (marked by crosses) and ﬁtted stress–strain curves (solid line) when (a) bilinear (r2 ¼ 0:9907) and (b) linear-power law models (0.9992) are
used. The yield point is marked with a circle and the failure point with a triangle. Dry solids content is 75.3% and anisotropy index / ¼ 1:421.
2156 A.-L. Erkkilä et al. / International Journal of Solids and Structures 50 (2013) 2151–2179third requirement is demanding or even impossible to satisfy if the
true physical behavior of paper as a function of studied properties
is not monotonic but still highly desirable, since the material mod-
el should be well-behaving also when it is subjected to extrapola-
tion in deformation or fracture models. For example a high degree
polynomial ﬁtting is excluded as a possibility, since it usually goes
wild at the edges and outside of region of the original data.
The empirical data consists of a large amount of uniaxial, load-
elongation tests executed at different in-plane directions and ap-
plied to papers having a large variety of dry solids content and ﬁber
orientation anisotropy. The tensile test material used in this study
has been presented earlier and partly used in Ref. Lipponen et al.
(2008b). In this current work the whole testing material of 180 ten-
sile tests are used without any rejection or averaging processes.
Several different single curve or two-segment stress–strain models50 60 70 80 90 100
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and (d)) models are used.are ﬁtted to every load-elongation test separately. The goodness of
ﬁt as well as dependency of ﬁtted material parameters on DSC and
anisotropy is presented. Finally, a proposal of yield point determi-
nation is introduced and the chosen stress–strain model formu-
lated in two regions is evaluated.
2. Nonlinear empirical stress–strain curve models
Several different approaches to characterize mechanical proper-
ties of sheet materials from stress–strain curves have been intro-
duced in references (Hill, 1944; Ludwik, 1909; Prager, 1942;
Ramberg and Osgood, 1943; Swift, 1952; Voce, 1948) and are ap-
plied to paper or cellulosic materials, for example, in references
(Andersson and Berkyto, 1951; Castro and Ostoja-Starzewski,
2003; Johnson et al., 1979; Mäkelä and Östlund, 2003; Stenberg50 60 70 80 90 100
0.93
0.94
0.95
0.96
0.97
0.98
0.99
1
DSC [%]
r2
(b)
0.6 0.8 1 1.2 1.4
0.93
0.94
0.95
0.96
0.97
0.98
0.99
1
φ
r2
(d)
een measured and ﬁtted curves when bilinear ((a) and (c)) and linear-power law ((b)
0.6
0.8
1
1.2
1.4
50
60
70
80
90
100
0
500
1000
φDSC [%]
σ
y (
N
/m
)
(a)
0.6
0.8
1
1.2
1.4
50
60
70
80
90
100
0
200
400
600
800
φDSC [%]
σ
y (
N
/m
)
(b)
0.6
0.8
1
1.2
1.4
50
60
70
80
90
100
0
1
2
3
4
x 10−3
φDSC [%]
ε y
(c)
0.6
0.8
1
1.2
1.4
50
60
70
80
90
100
0
1
2
3
x 10−3
φDSC [%]
ε y
(d)
Fig. 12. Yield stress and strain as a function of DSC and anisotropy index when bilinear ((a) and (c)) and linear-power law ((b) and (d)) models are used.
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Fig. 13. Yield stress and strain determined by model. In (a)–(c) bilinear model and in (d)–(f) linear-power lawmodel is used. In (a) and (d) DSC ¼ 56:8%; / ¼ 1:421, in (b) and
(e) DSC ¼ 75:3%; / ¼ 1:421 and in (c) and (f) DSC ¼ 95:6%; / ¼ 0:704.
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have been developed to model either the overall curve shape or
the material parameters, such as elastic modulus, yield point, yield
offset, proportional limit, and tensile strength. If a material is con-sidered as elasto-plastic, special interest is focused on yield point
and hardening behavior.
The whole stress–strain curve and the transition from the elas-
tic to plastic can be approximated by single continuous functions
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Fig. 14. Yield point determination using Ramberg–Osgood ((a)–(c)), power law ((d)–(f)) and parabolic ((g)–(i)) approach. Yield point marked by circle, measured data by
crosses and fe by dashed line. Dry solids contents and anisotropy indexes are in (a), (d) and (g) DSC ¼ 56:8%; / ¼ 1:421, in (b), (e) and (h) DSC ¼ 75:3%; / ¼ 1:421 and in (c),
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Fig. 15. Yield point determination using power law ((a)–(c)) and parabolic ((d)–(f)) approach. Yield point marked by circle, measured data by crosses and fe by dashed line.
Dry solids contents and anisotropy indexes are in (a) and (d) DSC ¼ 95:8%; / ¼ 0:913, in (b) and (e) DSC ¼ 57:7%; / ¼ 0:960 and in (c) and (f) DSC ¼ 56:7%; / ¼ 0:992.
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ideally plastic material the hyperbolic dependency between stress
r and strain e in the form
r ¼ c1 tanh c2c1 e
 
ð1Þ
was introduced by Prager (1942) and also used directly or in mod-
iﬁed form for the modeling of tension tests and edge-wise compres-
sion of paper or board (Andersson and Berkyto, 1951; Johnson et al.,
1979; Urbanik, 1982). In Eq. (1) c1 and c2 are parameters to be
determined from the data, c2 is the initial slope of curve agreeing
with elastic modulus and c1 is the stress level which the curve ap-
proaches in an asymptotic manner.
The exponential function introduced by Voce (1948)
r ¼ rs þ ðr0  rsÞeae ð2Þ0.6
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Fig. 16. Yield strain ((a)–(c)) and yield stress ((d)–(f)) as a function of DSC and anisotrop
(c) and (f) by parabolic approach.
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Fig. 17. Yield stress (a) and yield strain (b) determined by parabolic method (values give
with speciﬁc ﬁtting intervals (cross: 0.1–0.35, circle: 0.1–0.45, triangle: 0–0.45) (valueswhere rs; r0 and a are empirical parameters, is often applied for
strain hardening, but in some cases also for total strain.
In its simplest form the power law proposed by Ludwik (1909)
can be written as
r ¼ Ken ð3Þ
where K and n are parameters depending on the material. Eq. (3)
predicts an inﬁnite initial slope, but it can be used if the contribu-
tion of the elastic strain to the total strain is negligible. To accom-
modate the elastic range in the model the ﬁtting of the power law
may be applied only to strain hardening or some modiﬁed forms
are used. The more generalized form of the power law is (Swift,
1952)
r ¼ KðC þ eÞn ð4Þ6
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Ramberg–Osgood relation (Ramberg and Osgood, 1943), which is
a frequently used modiﬁcation of the power law for ductile
materials and sometimes also applied to paper (Mäkelä and
Östlund, 2003), can be given in the form
e ¼ r
E
þ r
E0
 n
ð5Þ
where E0 and n are the hardening modulus and the hardening expo-
nent. The ﬁtting of the Ramberg–Osgood model is regularly applied
using Hill’s (1944) expression
e ¼ r
E
þ e2 rr2
 n
ð6Þ
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Fig. 18. Examples of measured (marked by crosses) and ﬁtted stress–strain curves (solid
law (r2 ¼ 0:9917) models at the strain hardening region are used. Yield point is marked
content is 75.3% and anisotropy index / ¼ 1:421.
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In Eq. (6) the modulus parameter E is determined a priori and only
two offset points at offset strains e1 and e2 are needed for ﬁtting.
The corresponding offset stresses r1 and r2 are determined by
the stress corresponding to the intersection of the stress–strain
curve and a line parallel to the elastic part of the curve offset by a
speciﬁed strain. This approach enables to estimate stress–strain
relationship even in cases where only E and two offset points are
available instead of whole stress–strain curve.
Even a good ﬁt of a single continuous function on stress–strain
data does not usually facilitate the determination of a yield point, if
a yield point is not easily deﬁnable based on the shape of the
stress–strain curve. The yield strength arbitrarily approximated
by an offset method is commonly used for design and speciﬁcation
purposes because it avoids the practical difﬁculties of measuring8 10 12
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selected to be a 0.1% or 0.2% for metals and 2% for plastics.
In some cases, the elasto-plastic analysis can be considerably
simpliﬁed by using the stress–strain relation including two or
more regions. The bilinear model can be used also as an approxi-
mation of the general nonlinear shapes of the stress–strain rela-
tions. In the bilinear model (Lipponen et al., 2008b; Ng et al.,
2005; Saliklis et al., 2003; Stenberg et al., 2001) the two straight
lines are joined at the yield point and the strain hardening is de-
scribed with a linear function. The bilinear curve can be deﬁned
by the pair of equations0.6
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Fig. 21. Three ﬁtting parameters of ﬁnal model as a function of DSC and aniso
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Fig. 22. Stress and strain at failure determined from measured (r ¼ Ee if e 6 ey
ry þ Eh e ey
 
if e > ey
(
ð8Þ
where ry and ey are the yield stress and the yield strain, E is the
Young’s modulus and Eh is the slope after the yield point.
The power law curve with its initial part replaced by a line of
slope equal to E can be represented by the equation
r ¼ Ee if e 6 ey
Eey e=ey
 n if e > ey
(
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ﬁned yield point and linear elastic behavior, but the slope at the
yield point is discontinuous.
3. Samples, variables and methods
The ﬁne paper samples with three different ﬁber orientation
anisotropy levels were produced by Metso Paper’s pilot machine
2. The dry solids contents varied from 53% to 56% at initial stage.
This was the lowest achievable dry solids content level with the
used pulp and minimum drying in the pilot machine process. The0.6
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Fig. 23. The plastic strain as a function of DSC and anisotropy index (a) with elongatio
estimated from modeled stress–strain curves (b) with elongation 0.3% (c) 0.8% and (d) 2
(a) (
Fig. 24. In (a) plastic strain of isotropic handsheets measured using a load-unload test w
from modeled stress–strain curves (solid lines) and from measured data using Eq. (22)basis weight of samples were from 77 g/m2 to 80 g/m2. The
stress–strain curves were measured from paper strips (width
20 mm) with a span length of 180 mm. Strips were cut from the
long side along four different in-plane directions c: 0, 45, 70
and 90 in relation to CD perpendicular to paper making direction
(MD). The samples were dried in a tensile test machine to ﬁve tar-
get DSC levels: 55%, 65%, 75%, 85% and 95%. However, the mea-
sured DSC values during each measurement were read and used
in studies instead of target DSC values. Drying shrinkage was pre-
vented in the loading direction. The tensile stress caused by re-
strained shrinkage was, however, released by unloading a tensile0.6
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started. The three repetitions of measurements on each anisotropy,
cutting direction and dry solids content combinations were per-
formed. The description of the measuring method is presented in
Ref. Lipponen et al. (2008b). In this study also the parallel results
were used as individual test points so that the total amount of data
in the ﬁtting procedure was 180 individual stress–strain curves. At
the initial stage, the apparent thickness of a paper sheet can be
measured according to the standard ISO 534:2005 and the effective
thickness using, for example, the methods presented in Refs.
Setterholm (1984) and Schultz-Eklund et al. (1992). Still the non-
uniformity, compressibility and porous structure of paper make
the thickness of paper difﬁcult to deﬁne. Hence, in the ﬁeld of
paper technology, it is rather common to express stress in the units
that ignore the thickness of paper. For clarity this approach is
also employed in this work i.e. the stress (load) is presented in
units N/m instead of the load per unit cross-sectional area as
reported for most materials. Obviously, the true stress during
load-elongation test is practically indeﬁnable.
For the determination of elastic modulus, E, the maximum slope
of the linear function was determined by ﬁtting lines on the data
within constant elongation intervals:0 5 10 15 20
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Fig. A.1. Examples of measured and ﬁtted stress–strain curves when hyperbolic approac
and elastic modulus is shown with a dashed line. Dry solids contents, orient
DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:9763 (c) DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9807 (d) D
DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9995.E ¼max SðDeÞ; De ¼ ðe L=2; eþ L=2Þ ð10Þ
where S is the slope ﬁtted to strain interval De. The length of the
strain interval used in this study is L ¼ 0:1%. With 180 mm distance
of loading jaws, 10 mm/s straining speed and 0.8 kHz sampling fre-
quency, it corresponds to about 15 measuring points.
The methods of linear and non-linear least squares are used to
ﬁnd solutions for ﬁttings of stress–strain data with all different
models. Because most ﬁttings were nonlinear the goodness of ﬁt
is estimated using the general form of coefﬁcient of determination
deﬁned by the equation
r2 ¼ 1
P
restimated  rmeasuredð Þ2P
rmeasured  rmeasuredð Þ2
ð11Þ
When this deﬁnition is used, negative values of r2 may also occur in
cases where the mean of the measured data provides a superior ﬁt
when compared to the estimate of the model.
To estimate the failure point location on a ﬁtted stress–strain
curve, the strain energy at failure is ﬁrst determined from the mea-
sured curve. The measured stress–strain curve is approximated by
seventh degree polynomial and strain energy at failure, Hf , is calcu-
lated from integral0 10 20 30 40
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h is used. The offset point is marked with a square, the failure point with a triangle
ation levels and r2 values are (a) DSC ¼ 56:8%; / ¼ 1:421; r2 ¼ 0:9975 (b)
SC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:9370 (e) DSC ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9994 (f)
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Z ef
0
rde ð12ÞThen the ﬁtted failure point ðrfitf ; efitf Þ is deﬁned to be that point on
the ﬁtted curve where strain energy calculated from the ﬁtted curve
equals with the measured strain energy at failure. The accuracy of
the estimated tension and strain at failure is evaluated by the rela-
tive error deﬁned by fittedmeasuredð Þ=measured.
The ﬁber orientation distribution of paper is often approxi-
mated by elliptical distribution, the main direction of which usu-
ally coincides or deviates only a few degrees from the MD. The
ﬁber orientation of samples were measured by the layered ﬁber
orientation measurement method presented in Erkkilä et al.
(1998) and Lipponen et al. (2009b). The anisotropy of ﬁber orienta-
tion distribution n is deﬁned as a ratio of the maximum distribu-
tion value b and value in perpendicular direction to the
maximum value a. In the layered ﬁber orientation method the pa-
per is sectioned usually 8 to 15 paper layers from which the aniso-
tropies are measured. These results of layers are averaged since, in
this study, the anisotropy of whole sheet thickness is wished to be
described. The measured averaged anisotropy values of the studied
samples were 1.20, 1.51 and 2.02.0 5 10 15 20
0
50
100
150
200
250
300
350
ε (×10−3)
σ
 (N
/m
)
(a)
0 2 4 6 8 10 12
0
100
200
300
400
500
600
700
ε (×10−3)
σ
 (N
/m
)
(c)
0 1 2 3 4 5 6
0
500
1000
1500
ε (×10−3)
σ
 (N
/m
)
(e)
Fig. A.2. Examples of measured and ﬁtted stress–strain curves when exponential approa
and slope at zero strain is shown with a dashed line starting from origin. Dry solids conte
DSC ¼ 60:0%; / ¼ 0:704, r2 ¼ 0:9951 (c) DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9952 (d) D
DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9980.Now, there are three variables – DSC, anisotropy and loading
direction – whose relations to material parameters are of interest.
To reduce the amount of variables anisotropy index / is introduced
in this study. The anisotropy index is calculated for every strip
depending on the mean of layered ﬁber orientation anisotropy
n ¼ b=a and the direction c of which the sample strip is cut and
strained. Two assumptions are made: ﬁrst the shape of orientation
distribution is elliptical and secondly the area of orientation distri-
butions of different orientation levels and samples can be normal-
ized to the same constant value. For simplicity the area of
orientation distribution is deﬁned to be p. By these assumptions
the semi-axes of the ﬁber orientation distribution ellipse will have
values a ¼ 1= ﬃﬃﬃnp and b ¼ ﬃﬃﬃnp . Then the equation for anisotropy in-
dex / describing the distance of ellipse point from the origin in
the direction c can be written as
/c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n2
nþ tan2 c=nþ n
s
ð13Þ
When four cutting/straining directions are measured from sam-
ples having three different anisotropy levels, in total 12 different
anisotropy index / values are obtained, see Fig. 2. Now the results
of ﬁtted material parameters can be presented as a function of only0 10 20 30 40
0
20
40
60
80
100
120
ε (×10−3)
σ
 (N
/m
)
(b)
0 5 10 15 20 25
0
50
100
150
200
250
300
ε (×10−3)
σ
 (N
/m
)
(d)
0 2 4 6 8
0
200
400
600
800
ε (×10−3)
σ
 (N
/m
)
(f)
ch is used. The offset point is market with a square, the failure point with a triangle
nts, orientation levels and r2 values are (a) DSC ¼ 56:8%; / ¼ 1:421, r2 ¼ 0:9961 (b)
SC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:9820 (e) DSC ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9976 (f)
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ters and ﬁtted parameters as a function of DSC and anisotropy in-
dex is visualized as a surface formed from scattered data using
linear interpolation.
4. Results and discussion
In this section several different models to describe the stress–
strain behavior of paper are studied. These methods include com-
monly used approaches such as bilinear, hyperbolic, exponential,
power law and Ramberg–Osgood approximations. By exploiting
information from these approximations a modiﬁed approach to de-
scribe whole stress–strain behavior of paper is suggested. The tar-
get is to model a whole stress–strain curve and determine material
parameters: elastic modulus, yield strain, yield stress and stress
and strain at failure. Because with some stress–strain models the
yield point as proportional limit has no expression, the yield offset
0.2% is also determined.
In Fig. 3 examples of different stress–strain curves of studied
paper strips are presented to demonstrate the variety in behavior
of elastic and strain hardening regions. The shape of the strain
hardening region can vary from almost linear to non-linear. The
drying history (restrained drying) has affected highly on the behav-0 5 10 15 20
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Fig. A.3. Examples of measured and ﬁtted stress–strain curves when power law appro
triangle. Dry solids contents, orientation levels and r2 values are (a) DSC
DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9988 (d) DSC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:9919 (e) DSCior of dry samples. At wet samples the nonlinear descending is in
some cases observed at the end part of stress–strain curve, which
may be considered as an indication of ‘‘necking’’, where at some
location of the strip some portion of ﬁber–ﬁber bonds are already
broken. This phenomenon is not accommodated to the model in
this study.
4.1. Fittings using single continuous function
Examples of ﬁtted curves and estimated material parameters of
different one region models are presented in Fig. 4 and in Appendix
A Figs. A.1–A.5.
In hyperbolic model (Eq. (1)) the parameter c2 gives the slope of
the curve at zero stress, and it is considered as an estimate of elas-
tic modulus. The slope c2 is also drawn in Figs. 4(a) and A.1 as a
dashed line. The exponential relation and power law model were
ﬁtted to a whole load-elongation curve, although some samples in-
clude a signiﬁcant elastic region. The exponential function has ini-
tial stress r0 and initial slope aðr0  rsÞ at zero strain. This slope
of zero strain is drawn as a dashed line starting from origin of
stress–strain diagrams in Figs. 4(b) and A.2. The power law model
does not provide elastic modulus (slope at zero stress is inﬁnite
when 0 < n < 1) and there is no approximation to a yield point,0 10 20 30 40
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ach is used. The offset point is marked with a square and the failure point with a
¼ 56:8%; / ¼ 1:421; r2 ¼ 0:9886 (b) DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:9967 (c)
¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9815 (f) DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9751.
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Figs. 4(c) and A.3.
The ﬁtting of Ramberg–Osgood (R–O) model using Hill’s expres-
sion (Eq. (6)) eliminates the possible convergence problems arising
in R–O model ﬁtting with three free parameters. By using the esti-
mated elastic modulus (Eq. (10)) the required two offset points can
be determined from themeasured data. However, the usage of con-
stant offset strains for the studied material is not straightforward,
because of high diversity in stress–strain behavior between sam-
ples, which can be observed from examples presented in Fig. 5.
The model ﬁtted using Hill’s expression goes exactly through the
used offset stresses, which does not, however, guarantee a good
ﬁt over the whole stress–strain curve. In this study the direct least
square curve ﬁtting, using expression of Eq. (5), was preferred for
ﬁttings to ﬁnd out how well the Ramberg–Osgood model approxi-
mates the whole stress–strain relationship.
Ramberg–Osgood ﬁttings were ﬁrst performed with two free
parameters, n and E0, and the elastic modulus E was determined
according to Eq. (10). Good correspondences between ﬁt and mea-
sured relationships were achieved this way, see for example
Figs. 4(d) and A.4. These ﬁtted parameters were used as initial esti-0 5 10 15 20
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Fig. A.4. Examples of measured and ﬁtted stress–strain curves when Ramberg–Osgood ap
is marked with a square, the failure point with a triangle and elastic modulus is show
DSC ¼ 56:8%; / ¼ 1:421; r2 ¼ 0:9920 (b) DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:9956 (c) D
DSC ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9991 (f) DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9995.mates, when ﬁttings with all three free parameters, E;n and E0,
were performed (examples in Figs. 4(e) and A.5). Now the conver-
gence problems were confronted and with some samples the ulti-
mate minimum was not achieved. It became evident that with
some stress–strain relations the elastic modulus parameter E
shows a tendency to grow to some very high value or even toward
inﬁnity. The increase of slope of elastic modulus can be observed
comparing Fig. 4(d) and (e), where the slope is visualized as a
dashed line. If E grows to inﬁnity the Ramberg–Osgood equation
returns to a simple power law model. This might be considered
to be an indication that there is no linear elastic part existing at
stress–strain curve in the consideration, or that the linear part is
insigniﬁcant. By examining the measured data presented at Fig. 4
the short but distinguishable linear part at the beginning of the
loading measurement can be observed.
The coefﬁcient of determination r2 between measured and ﬁt-
ted stresses are presented for all reference methods as a function
of dry solids content of the sample strip during stress–strain mea-
surement (Fig. 6) and anisotropy index (Fig. 7). For all continuous
single function models all r2 values are quite high (r2 is always over
0.93). However the r2 ¼ 0:93 may already signify quite a consider-0 10 20 30 40
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proach with ﬁxed elastic modulus and two free parameters is used. The offset point
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SC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9967 (d) DSC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:9923 (e)
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example Fig. A.1(d). The DSC has more signiﬁcant effect on good-
ness of ﬁt than anisotropy index level in case of all studied models.
A relative error of stress at failure is presented as a function of
DSC in Fig. 8. With every model the error is always between 0.1
and 0.15. The behavior of elastic modulus estimated by Eq. (10),
hyperbolic, exponential and Ramberg–Osgood approaches are
visualized in Fig. 9 as a function of DSC and anisotropy index.
The elastic modulus has some equality in trend between hyper-
bolic, exponential and maximum slope (Eq. (10)) approaches. The
Ramberg–Osgood model gives a few extremely high values as
was demonstrated above. The behavior of other ﬁtted parameters
are presented in Fig. A.6.
The Ramberg–Osgood model gives a good ﬁt for every measured
stress–strain cases. The problems arise more from the ﬁtting pro-
cedure itself and the tendency of the model to approach a simple
power law expression if the elastic range is small compared with
the strain hardening region of the stress–strain curve. The insuper-
able fact is that as well as hyperbolic, exponential and power law
model, the Ramberg–Osgood stress–strain curves are continuously
curved, i.e., no deﬁnitive linear elastic region exists followed by a
well-deﬁned yield stress. This means that none of these models0 5 10 15 20
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Fig. A.5. Measured and ﬁtted stress–strain curves when Ramberg–Osgood approach is u
elastic modulus is shown with a dashed line. Dry solids contents, orientat
DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:9967 (c) DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9988 (d) D
DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9996.is directly appropriate for our requirements. When the focus of
study is on plasticity the power law and exponential models are of-
ten applied only to the strain hardening region and several ap-
proaches with two or more regions’ stress–strain curve models
(Nadai, 1931; Hoffman and Sachs, 1953; Jones, 2009; Lipponen
et al., 2008b; Ng et al., 2005; Saliklis et al., 2003; Stenberg et al.,
2001) are presented. With the groundwork presented in this sub-
section, two segment models, with special focus in estimation of
proportional limit, are discussed in the next two subsections.4.2. Elasto-plastic stress–strain models including two regions
In the viewpoint of further modeling the advantageous charac-
ter of two segment models are that they deﬁne the exact yield
point (proportional limit). The unfavorable facet is that the amount
of ﬁtting parameters of the model increases with complicity. To
start with the most simple alternatives, the bilinear and linear-
power law combinations, are studied in this subsection.
Although there might have been some more optimal way to
progress with the bilinear method when the measured material
of this study is considered, the method presented by Stenberg
et al. (2001) is followed faithfully. The ﬁrst linear part was ﬁt to0 10 20 30 40
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upper limit was expected to be well below the yield point which is
certainly true for the compressive tests of Ref. Stenberg et al.
(2001), but this may not always be true for the in-plane tensile
tests of the wet samples studied in this work. Then the ﬁtted elastic
part is removed from the data and the second line is ﬁtted to strain
interval 0 and 0.005 in this modiﬁed stress–strain curve. The esti-
mate of the elastic limit is obviously now in the interception of
these two lines, the dependence of which on DSC and anisotropy
index are shown in Fig. B.1.
The linear-power law combination (Eq. (9)) is formed by substi-
tuting the beginning of the power law curve ﬁtted in the previous
subsection by line with slope E determined using Eq. (10) until the
line intersects the power law curve. The strain at intersection i.e.
estimated yield strain can be directly calculated by the equation0.6
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The examples of ﬁttings of models according to Eqs. (8) and (9)
are presented in Figs. 10, B.2 and B.3. The coefﬁcient of determina-
tion r2 as function of DSC and anisotropy index are presented in
Fig. 11. The bilinear model has a few negative r2 values in semi-
wet samples indicating that the mean of measured stress values
would have been better estimate than ﬁtted result (see f.ex.
Fig. B.2(d)). The substitution of the beginning of the power law ﬁt-
ting by linear component increases the r2 values when compared
to the simple power law model (Figs. 6 and 7). The improvement
is emphasized with dry samples, the linear regions of which are
longer than wet samples.
The dependency of yield stress and yield strain on DSC and
anisotropy index are presented in Fig. 12. The difference in yield6
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surfaces are studied. Both methods estimate the yield strain to be
the lowest with semi-wet samples. The increasing tendency of the
yield strain when DSC decreases is against the general assump-
tions. For a closer investigation of the yield point determination,
a few examples are presented in Fig. 13. The quality of the ﬁts is
unsatisfactory at the area of interest, which is the main reason
for the unreliable yield point results. The overall goodness of ﬁt
of the bilinear model would have been improved by ﬁtting the sec-
ond line to the whole strain hardening region but this would have
further decreased the ﬁtting quality at the proportional limit re-
gion. The linear power law combination, however, shows some
promising results. In the next subsection the determination of
the proportional limit is studied more closely.4.3. Yield point and model
The proportional stress is sometimes determined by using the
intersection of the stress–strain curve and offset line or by line
which slope is reduced from initial inclination by some percent va-
lue. With offset approaches, the goodness of ﬁt of the initial line or
elastic modulus and noisiness of the measurement data has a dev-
astating effect on reliability; there are also opinions that for stress–0 5 10 15 20
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Fig. B.2. Measured and ﬁtted stress–strain curves when Stenberg’s bilinear approach is u
solids contents, orientation levels and r2 values are (a) DSC ¼ 5
DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9907 (d) DSC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:0777 (e) DSstrain curves such as those studied in this work the determination
of the proportional limit always creates controversies because the
deviation from linear dependency begins so gradually that the ex-
act stress at which the line begins to curve cannot be determined.
Obviously any offset method cannot give a true proportional limit
and the high variety of load-elongation curves processed in this
study makes it even more difﬁcult to ﬁnd reliable estimate of the
proportional limit in every case by systematic way.
In this subsection the studies of proportional limit determina-
tion are based directly on the deﬁnition of proportional limit, that
is, the proportional limit is the point at which the load-elongation
curve deviates from linearity. The general idea is to determine that
speciﬁc point of the stress–strain curve where the nonlinear model
starts to have a better ﬁt to the data than the linear function ﬁtted
to the beginning of the stress–strain curve. This point is then de-
ﬁned as the proportional limit. For nonlinear function ﬁttings the
three candidates were tested: the ﬁttings of the Ramberg–Osgood
model with three free parameters presented in the previous sub-
section, and power law and parabolic ﬁttings on the proportional
limit region.
The Ramberg–Osgood model proved previously to have high
goodness of ﬁtting. The sum of squared residuals between mea-
sured data and Ramberg–Osgood model, SSRiðfROÞ, and between0 10 20 30 40
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sed. The yield point is marked with a circle and the failure point with a triangle. Dry
6:8%; / ¼ 1:421; r2 ¼ 0:9374 (b) DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:7108 (c)
C ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9935 (f) DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9954.
2170 A.-L. Erkkilä et al. / International Journal of Solids and Structures 50 (2013) 2151–2179measured data and linear ﬁtting with slope E (Eq. (10)), SSRiðfeÞ,
were calculated at all data points i using interval ði 2; iþ 2Þ.
The maximum position i, were the SSRiðfeÞ is still lower than
SSRiðfROÞ was determined as location of proportional limit in
stress–strain curve.
The aim was to ﬁt the power law and parabolic ﬁttings only to
the region where the stress–strain curve starts to deﬂect from lin-
ear behavior to guarantee a high goodness of ﬁttings around the
proportional limit. The power law function of the form of Eq. (3)
and parabolic dependency of the form
e ¼ C1r2 þ C2rþ C3 ð15Þ
where C1; C2 and C3 are ﬁtted constants, were ﬁt to strain interval
from 0.1% to 0.4%. This interval may be expected to comprise pro-
portional limit according preliminary study of previous subsection
(see Fig. 12).
The goodness of ﬁtting of two different functions ﬁtted to same
measuring data has to be equal at that inﬁnitesimal position where
those functions intersect. This intersection point can then be di-
rectly used as a proportional limit estimate when the power law
or parabolic approaches are considered. The intersection of power
law and linear equation can be simply calculated using Eq. (14). In
a few cases of parabolic ﬁttings no intersection between linear and0 5 10 15 20
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Fig. B.3. Measured and ﬁtted stress–strain curves when power law ﬁt for the strain harde
a triangle. Dry solids contents, orientation levels and r2 values are (a) DSC
DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9992 (d) DSC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:9972 (e) DSCparabolic ﬁtting occurred. At these cases that point at which the
tangents of linear and parabolic ﬁttings are equal was used as a
proportional limit. Hence the proportional limit using parabolic ﬁt-
ting was determined using the pair of equations
ey ¼
C2 þ 1=Eþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2C2  2=E 4C1C3
p 
=2C1
if 2C2  2=E 4C1C3 P 0
0:5ð1=E C2Þ=C1
otherwise
8>>><
>>:
ð16Þ
where the ﬁrst equation calculates the intersection point and the
second equation the point of the equal tangents which is used if
no intersection occurs.
Three examples of proportional limit determination of each
studied method are presented in Fig. 14. Although all Ramberg–Os-
good ﬁttings have high values of coefﬁcient of determination they
do not, in most cases, guarantee adequate ﬁtting quality in that
important region where the stress–strain curve starts to deﬂect
from linear behavior. On the other hand, in some cases of dry sam-
ples where Ramberg–Osgood ﬁts perfectly at the beginning of the
stress–strain curve, it behaves so linearly in that area that the com-
parison of the linear and R–O ﬁt gives random results, which are
mostly sensitive to measurement inaccuracy (see Fig. 14(c)).0 10 20 30 40
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ning region is used. The yield point is marked with a circle and the failure point with
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¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9881 (f) DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9849.
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for the proportional limit in several cases. Again the challenge with
dry samples is the long linear part where the deviation begins so
gradually from the linear behavior that the result is very sensitive
to the ﬁtting quality of both linear and nonlinear parts. The power
law model, which is forced to go through the origin, does not ﬁt
perfectly on those cases and may underestimate the proportional
limit (see Fig. 14(f)). The semi-wet and wet samples appear to have
a more deﬁnite location where the linear part connects to the non-
linear part, but with the wet samples the challenge is arising from
very short linear part and high noisiness of stress data. The appar-
ent advance of power law and parabolic ﬁttings is that they aver-
age smoothly the trend through noisiness.
Three more examples of two promising methods (power law
and parabolic) are presented in Fig. 15. A risk of parabolic ﬁtting
is that the trend bends too fast and the intersection of parabolic
and linear functions occurs at too low a stress level. This depends
also on the interval of which set of data points the parabolic ﬁtting
is performed. Interestingly, if the slope of the measured curve
starts to increase again after the proportional limit, the parabola
may turn to open down (left) (see Fig. 15(f)).0 1 2 3
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Fig. C.1. Focusing into yield point determination when linear part and parable are ﬁtted. T
shown in Figs. C.2, C.3 and C.4. Dry solids contents and orientation levels are (a) DSC
DSC ¼ 77:4%; / ¼ 0:704 (e) DSC ¼ 96:1%; / ¼ 1:421 (f) DSC ¼ 95:6%; / ¼ 0:704.The yield stress and yield strain as a function of DSC and anisot-
ropy index is presented in Fig. 16. The surface of the yield strain
estimated using the Ramberg–Osgood method has some similar
irregularity as was studied in the previous subsection (Fig. 12).
However, the estimates of the yield stress using the power law
and parabolic methods form fairly smooth surfaces. The power
law method estimates lower yield strains of dry samples than
the parabolic method, because the quality of the power law ﬁt is
not excellent for those samples as was discussed earlier. This is
the main reason why in the next ﬁttings the yield point estimated
by the parabolic method (see Fig. C.1) is used. To test the robust-
ness of the parabolic method, the ﬁtting intervals were varied.
The results are presented in Fig. 17, showing that the determina-
tion of the proportional limit is quite insensitive to small variations
of ﬁtting interval and suggesting that it may be utilized with a high
variety of samples.
The model function fh ﬁtted to the strain hardening section has
to go through the proportional limit. Here an additional condition
is set for the model: the slope f 0h (ﬁrst degree derivative) has to be
continuous at the connection point (proportional limit) of the
functions. If the strain hardening model has three unknown0 1 2 3
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he yield point is marked with a circle. Whole curves utilizing this determination are
¼ 56:8%; / ¼ 1:421 (b) DSC ¼ 60:0%; / ¼ 0:704 (c) DSC ¼ 75:3%; / ¼ 1:421 (d)
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based on conditions
fhðeyÞ ¼ Eey
f 0hðeyÞ ¼ E
	
ð17Þ
By starting with exponential function (2) and inserting it to Eq. (17)
the form
r ¼ Eey þ Ea 1 e
aðeeyÞ  ð18Þ
can be solved. Equivalently for parabolic Eq. (15) the form
r ¼ Eey  C2Eþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C
C
4E2
þ e ey
 s
ð19Þ
and for power law Eq. (4) the form
r ¼ Eey n 1n þ
e
ney
 n
ð20Þ
can be solved. All these equations include only one additional ﬁtting
parameter, constant a in exponential, C in parabolic and n in power
law model. The examples of the ﬁtting results are presented in
Fig. 18. The one ﬁtting parameter ensures the simplicity of ﬁtting
procedure, but does not assure that ﬁtted parameter has monotonic
dependency of DSC and anisotropy index (see Fig. 19). The goodness
of ﬁt of the whole stress–strain curve model utilizing either Eq. (18),
(19) or (20) model at strain hardening is presented in Fig. 20. The0 5 10 15 20
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Fig. C.2. Example curves (Fig. 3) when two region approach with exponential function fo
with a square and the failure point with a triangle. Dry solids contents, orien
DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:7602 (c) DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9205 (d) D
DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9997.exponential approach (example curves in Fig. C.2) is not acceptable
either according to the ﬁtting quality or behavior of parameter a.
The power law and parabolic (example curves in Figs. C.3 and C.4)
ﬁttings are quite even in goodness of ﬁt and the surfaces of the
parameters in Fig. 19 are both moderately smooth although clearly
different in character. Both models including either the power law
or parabolic form for strain hardening may be good alternatives
for further material modeling.
If the power law function to describe the strain hardening is
chosen as is done in the next studies, the ﬁnal model can be sum-
marized to be in the form
r ¼
Ee if e 6 ey
Eey n1n þ eney
 n
if e > ey
8<
: ð21Þ
where E; ey and n are three parameters, which are ﬁtted by follow-
ing procedure:
1. The elastic modulus, E, is maximum slope determined using Eq.
(10).
2. The yield strain, ey, is determined using Eq. (16), which param-
eters C1; C2 and C3 are determined by ﬁtting parabolic depen-
dency (Eq. (15)) around the yield strain region of measured
stress–strain curve.
3. The strain hardening exponent n is determined by ﬁtting the
second equation of Eq. (21) to the strain interval [ey; ef ] of the
measured data.0 10 20 30 40
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r strain hardening is applied. The yield point is marked with a circle, the offset point
tation levels and r2 values are (a) DSC ¼ 56:8%; / ¼ 1:421; r2 ¼ 0:9694 (b)
SC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:8670 (e) DSC ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9994 (f)
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and anisotropy index are collected in Fig. 21 and values are given in
Tables D.1–D.3 for every single load-elongation test sample. The
stress and strain at failure are determined from modeled stress–
strain curves using strain energy (Eq. (12)) of measured data. The
failure results determined directly from measured stress–strain
curves and from modeled curves can be visually compared at
Fig. 22. The measured and modeled results are fairly similar.
Land et al.’s study(2010) is one of the rare published studies
where elastic and plastic strain of wet and semi-wet samples are
studied empirically by load-unload tests. To test the model pre-
sented in this paper, the estimated plastic strain results are com-
pared with Land’s measurements. Land performed load-unload
tests for handsheet sample strips using different strain levels
0.3%, 0.8%, 2%, 2.8% and 4%. The basis weight of handsheets were
about 145 g/m2 and the raw material consists of bleached soft-
wood kraft pulp (ﬂash dried). The sheet forming and pressing were
performed according to ISO 5269-1 and the drying was done by
leaving the samples on drying plates for speciﬁed times at 23 C,
50%RH. There are several differences of testing materials between
our study and Land’s study, including pulp quality, basis weight,
paper forming, pressing and drying conditions. One clear indication0 5 10 15 20
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Fig. C.3. Example curves (Fig. 3) when two region approach with power law ﬁt for strain
square and the failure point with a triangle. Dry solids contents, orientati
DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:9921 (c) DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9917 (d) D
DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9936.of different quality of pulp and pressing/drying conditions is that
all of Land’s samples have been strained even up to 4% strain level,
while dry paper sheets in our study never hold out even 0.5% strain
without failure. By using the model presented in this paper the
higher strain levels can, however, be extrapolated.
At the lowest applied strain level 0.3% the plastic strain can be
estimated directly frommeasured data by subtracting elastic strain
from the applied strain using the determined elastic modulus:
ep ¼ e rE ð22Þ
In higher strain levels, where the failure has already occurred in
several dry samples, the determination can only be done by using
a model of each stress–strain curve. The estimate of plastic strain
applied by strain levels 0.3%, 0.8% and 2.0% are presented in
Fig. 23 as a function of DSC and anisotropy index. Since the hand-
sheets of Land’s study are approximately isotropic, the plastic
strains at speciﬁc anisotropy level 1.0 were taken from interpolated
surfaces with equal loading levels for comparison presented in
Fig. 24. Land’s results show negative plastic strain values for 0.3%
strain. The discussion section of Ref. Land et al. (2010) suggests
explanations including measuring error or some physical explana-
tion possibly related to the release of dried-in strains. If the offset0 10 20 30 40
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hardening is applied. The yield point is marked with a circle, the offset point with a
on levels and r2 values are (a) DSC ¼ 56:8%; / ¼ 1:421; r2 ¼ 0:9903 (b)
SC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:9978 (e) DSC ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9962 (f)
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two studies would be quite similar. Although the curves of Land’s
work and our studies are not exactly the same by shape, it is
remarkable to realize that, according to both studies, for isotropic
samples the maximum plastic strain is attained for semi-wet sam-
ples around DSC 70% to 80%. The lower plastic strain of wet samples
compared to semi-wet samples is against the general assumptions
and should be veriﬁed further. The differences of plastic strain at
different studied DSC levels are however so small that sample han-
dling and measurement method will arise in an extremely signiﬁ-
cant role. The variation of plastic strain as a function of DSC
attained by these two different studies is low in contrast to what
may have been expected, when different types of curves are studied
(see for example Fig. 3) or the behavior of elastic modulus, yield
stress and strain, and exponent of yield hardening section
(Fig. 16(f) and (21)) are considered. In fact, the plastic strain deter-
mined using Eq. (22) does not depend directly on yield point but
rather on the ratio of elastic modulus and slope of strain hardening.
The wet samples have low elastic modulus and, especially in the
samples with high anisotropy indices, the strain hardening section
has only slightly lower slope than elastic modulus (see for example
Fig. C.3(a)). Furthermore, it would have been valuable to include0 5 10 15 20
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Fig. C.4. Example curves (Fig. 3) when two region approach with parable for strain harde
and the failure point with a triangle. Dry solids contents, orientation
DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:9881 (c) DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9906 (d) D
DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9931.even wetter samples (DSC below 55%) to study, but this was not
possible with the used sample producing method. The problem
with extrapolated results calculated from the model is confronted
with dry samples, since in some cases the strain hardening region
is short. Thus the amount of data points used in nonlinear function
ﬁttings is small, which suggests that the slope may be deﬂected
from reality when high strain levels are studied by extrapolating.5. Conclusions
The model of stress–strain curves presented in this paper is de-
signed to be suitable for material model utilized in out-of-plane
deformation and fracture models of paper. Although the mechani-
cal behavior of wet and dry papers is different the goal was to mod-
el all samples equally to achieve a consistent ﬁtting procedure and
ﬁtting parameter data for a mathematically consistent material
model. The studied material included 180 uniaxial stress–strain
curves measured from paper strips, the DSC of which varied from
55% to 98%. The pilot machine was used to produce three different
anisotropy levels for wet (press dry) paper sheets from which the
strips were cut at four different directions. The generated0 10 20 30 40
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ning is applied. The yield point is marked with a circle, the offset point with a square
levels and r2 values are (a) DSC ¼ 56:8%; / ¼ 1:421; r2 ¼ 0:9900 (b)
SC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:9962 (e) DSC ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9960 (f)
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of equations. The characteristics of the model are: the elastic area
behaves linearly, the yield point (elastic limit) is equal with the
proportional limit and the strain hardening region is described
using monotonic nonlinear function which ﬁrst derivative at the
yield point is equal with the elastic modulus. The three ﬁtted
parameters are elastic modulus E determined as the maximum
slope of speciﬁc small interval in stress–strain curve, yield strain
ey determined as the point where nonlinear (parabolic) function
has better goodness of ﬁt than linear function and exponent n
determined by ﬁtting of power law function on strain hardening
region.
In an attempt to unify all the results of samples cut in different
directions, a new anisotropy index parameter was introduced. This
gave a possibility to visualize the behavior of parameters as a 3D-
surface simultaneously as a function of DSC and anisotropy index.
This approach also guarantees that a further material model will
give equivalent results if the MD and CD parameters of the isotro-
pic sheet are modeled. This is, of course, true only if the sample has
been treated equivalently in MD and CD both during production
and in measurement. In this study, in the stress–strain curve mea-
surements the strips cut from different directions were treated
equivalently by preventing shrinkage during drying, but the pro-
duction of wet sheets at Metso Paper’s pilot machine did not han-0.6 0.8 1 1.2 1.4
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Fig. C.5. r2 values ((a) and (b)) as a function of anisotropy index, error in strain at failure (
of DSC when two region models where strain hardening is described by power law ((a)dle MD and CD equivalently. Even then the ﬁtted parameters of the
constructed stress–strain curve model were able to form fairly
monotonic surfaces also as a function of the anisotropy index.
Because the shrinkage of both CD and MD strips were restrained
during drying the results are more suitable to describe the
phenomena at the middle section of cross proﬁle web. The result
of this study is large and consistent data set of elasto-plastic
material parameters of ﬁne paper. This data set can be used
directly or with simple interpolations to estimate the effect of
anisotropy, DSC and loading direction on the elasto-plastic
variables. However, in the future the processing of the data will
continue with ﬁttings of material parameter surfaces and by
implementing that material model in out-of-plane deformation
and fracture models.
The data set of elasto-plastic parameters determined by the
introduced stress–strain curve model was used directly to estimate
plastic strains at different anisotropy and DSC levels. As a veriﬁca-
tion, the plastic strain estimates were compared to load-unload
measurements of handsheets carried out by Land et al. (2010).
Although the pulp quality, sheet forming and drying conditions
were different between these studies several resemblances were
observed. The levels of plastic strain values were comparable be-
tween Land’s study and our results. Both studies also suggest that
the highest plastic strains are attained with dry solids contents0.6 0.8 1 1.2 1.4
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(c) and (d)) as a function of DSC and error in stress at failure ((e) and (f)) as a function
, (c) and (e)) and parable ((b), (d) and (f)) are used.
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plastic strain increases if DSC decreases. Actually, the yield stress
and strain, according to the results of this study, decreases with
decreasing DSC, but the location of the yield point is not the most
important factor of plastic strain; the elastic modulus and its rela-
tion to the slope of the strain hardening function deﬁnes the plastic
strain calculated from the stress–strain curve. A great beneﬁt from
the paper maker’s point of view is that the variation of plastic
strain appears to be low even with such a high difference of DSC
and anisotropy levels as is studied here. Unfortunately, even veryTable D.1
The ﬁtting parameters for every sample having anisotropy level 1.20. Elastic modulus E, yie
and stress at failure rf are also included. Parameter C is constant of parabolic approach a
Sample DSC (%) y () n uc E (kN/m)
1 57.07 90 1.199 1.095 19.73
2 57.54 90 1.199 1.095 20.47
3 56.40 90 1.199 1.095 21.16
4 56.97 70 1.199 1.068 21.24
5 56.46 70 1.199 1.068 18.83
6 55.67 70 1.199 1.068 19.39
7 55.86 45 1.199 0.992 15.61
8 55.46 45 1.199 0.992 14.70
9 56.68 45 1.199 0.992 18.23
10 56.52 0 1.199 0.913 8.58
11 55.35 0 1.199 0.913 10.29
12 55.89 0 1.199 0.913 11.08
13 63.65 90 1.199 1.095 31.58
14 63.65 90 1.199 1.095 30.15
15 63.14 90 1.199 1.095 31.09
16 62.36 70 1.199 1.068 25.51
17 61.79 70 1.199 1.068 28.21
18 61.25 70 1.199 1.068 27.12
19 60.73 45 1.199 0.992 18.93
20 60.84 45 1.199 0.992 22.80
21 61.03 45 1.199 0.992 19.42
22 64.85 0 1.199 0.913 20.03
23 64.64 0 1.199 0.913 18.38
24 65.16 0 1.199 0.913 22.53
25 75.94 90 1.199 1.095 88.73
26 73.91 90 1.199 1.095 76.69
27 71.96 90 1.199 1.095 75.48
28 71.01 70 1.199 1.068 62.03
29 73.56 70 1.199 1.068 59.73
30 71.28 70 1.199 1.068 60.63
31 70.94 45 1.199 0.992 48.30
32 70.90 45 1.199 0.992 48.48
33 71.74 45 1.199 0.992 45.67
34 71.22 0 1.199 0.913 41.92
35 72.93 0 1.199 0.913 42.49
36 76.99 0 1.199 0.913 58.91
37 81.06 90 1.199 1.095 161.49
38 84.42 90 1.199 1.095 171.69
39 85.47 90 1.199 1.095 174.96
40 80.29 70 1.199 1.068 122.29
41 82.02 70 1.199 1.068 120.50
42 79.33 70 1.199 1.068 121.63
43 80.58 45 1.199 0.992 95.42
44 78.80 45 1.199 0.992 97.24
45 77.60 45 1.199 0.992 106.25
46 82.36 0 1.199 0.913 95.38
47 82.11 0 1.199 0.913 90.61
48 83.22 0 1.199 0.913 92.88
49 95.35 90 1.199 1.095 317.87
50 95.62 90 1.199 1.095 317.41
51 94.20 90 1.199 1.095 305.15
52 94.84 70 1.199 1.068 295.76
53 95.17 70 1.199 1.068 296.38
54 95.48 70 1.199 1.068 298.08
55 94.80 45 1.199 0.992 257.90
56 94.87 45 1.199 0.992 253.39
57 94.54 45 1.199 0.992 253.24
58 95.25 0 1.199 0.913 209.46
59 95.88 0 1.199 0.913 214.31
60 95.81 0 1.199 0.913 212.67small variations in strain levels can make problems during paper
making and converting. The 0.1% variations in plastic strain along
the paper web proﬁle may cause problems such as wrinkling and
baggy proﬁles (Land et al., 2010; Roisum, 1996), while a high curl
appearing as a half-circle shape of paper strip with a length of
210 mm (equivalent with length of short side of A4 sheet) and a
thickness of 0.1 mm (the typical thickness of copy paper sheet) is
theoretically an expression of only 0.15% strain difference in the
two sides of the paper strip. If such a small plastic strain differ-
ences are detected or simulated from dry paper samples or fromld strain ey and exponent n of the ﬁnal model (Eq. (21)). Corresponding yield stress ry
ccording Eq. (19).
ey (%) ry (N/m) n rf (N/m) C (MN/m)
0.062 12.3 0.760 190.9 3.63
0.117 24.0 0.655 189.5 2.84
0.102 21.7 0.65 177.2 2.58
0.075 15.9 0.623 154.1 1.67
0.102 19.1 0.642 157.4 1.94
0.063 12.3 0.68 156.8 1.87
0.096 14.9 0.633 130.4 1.19
0.083 12.2 0.618 125.3 0.86
0.088 16.1 0.547 131.3 0.83
0.112 9.6 0.635 100.7 0.45
0.092 9.4 0.606 101.2 0.43
0.085 9.4 0.588 106.9 0.41
0.066 20.9 0.668 266.2 4.75
0.088 26.6 0.63 239.5 4.05
0.107 33.1 0.595 267.2 4.04
0.103 26.2 0.621 233.2 3.17
0.086 24.3 0.678 242.8 4.90
0.106 28.9 0.648 222.2 4.26
0.111 21.1 0.608 169.5 1.70
0.102 23.2 0.555 187.9 1.58
0.074 14.3 0.646 197.2 1.75
0.069 13.7 0.573 163.6 0.99
0.109 20.1 0.524 170.8 0.88
0.073 16.5 0.554 176.8 1.13
0.088 78.3 0.498 463.2 13.56
0.076 58.3 0.550 385.2 12.64
0.092 69.8 0.500 378.4 10.49
0.100 61.9 0.537 361.5 9.80
0.100 59.7 0.528 354.6 8.58
0.083 50.4 0.548 346.6 8.53
0.117 56.7 0.484 306.8 4.89
0.114 55.2 0.495 307.3 5.15
0.114 52.3 0.504 292.7 4.89
0.098 41.1 0.459 242.8 2.53
0.110 46.9 0.437 242.9 2.51
0.101 59.3 0.424 281.9 4.06
0.117 188.4 0.478 612.3 53.58
0.115 197.2 0.497 606.9 66.72
0.112 195.9 0.496 563.0 67.21
0.138 168.3 0.460 538.6 32.46
0.151 181.3 0.418 463.4 27.39
0.120 145.5 0.479 468.8 31.50
0.126 120.0 0.453 445.3 17.12
0.132 128.4 0.446 435.4 17.99
0.136 144.5 0.440 457.3 21.43
0.127 120.8 0.431 381.3 15.22
0.128 115.9 0.425 362.3 13.32
0.127 117.5 0.425 376.7 13.78
0.155 493.3 0.473 1192.6 272.86
0.176 557.7 0.437 1105.5 257.27
0.180 549.4 0.399 1036.8 200.87
0.190 561.0 0.491 1404.7 317.24
0.189 559.7 0.411 1161.5 208.52
0.194 577.9 0.309 988.6 123.47
0.198 510.0 0.357 904.7 125.97
0.210 531.1 0.267 864.5 74.12
0.204 515.8 0.298 806.1 91.20
0.207 433.1 0.419 965.9 117.89
0.197 422.6 0.359 773.8 86.74
0.209 444.9 0.383 924.3 101.07
Table D.2
The ﬁtting parameters for every sample having anisotropy level 1.51. Elastic modulus E, yield strain ey and exponent n of the ﬁnal model (Eq. (21)). Corresponding yield stress ry
and stress at failure rf are also included. Parameter C is constant of parabolic approach according Eq. (19).
Sample DSC (%) c () n uc E (kN/m) ey (%) ry (N/m) n rf (N/m) C (MN/m)
61 58.66 90 1.508 1.228 27.37 0.108 29.7 0.704 262.4 6.63
62 57.86 90 1.508 1.228 24.68 0.107 26.5 0.704 255.9 5.48
63 58.07 90 1.508 1.228 28.16 0.087 24.5 0.677 255.7 4.98
64 58.14 70 1.508 1.146 29.04 0.081 23.4 0.598 223.9 2.82
65 56.31 70 1.508 1.146 22.85 0.090 20.6 0.652 203.6 2.80
66 57.07 70 1.508 1.146 23.61 0.083 19.5 0.656 209.1 2.91
67 57.25 45 1.508 0.960 15.40 0.078 12.0 0.638 147.8 1.07
68 57.72 45 1.508 0.960 15.16 0.092 14.0 0.612 146.5 0.99
69 57.83 45 1.508 0.960 13.10 0.085 11.1 0.675 146.8 1.12
70 56.98 0 1.508 0.814 9.86 0.100 9.8 0.576 104.9 0.35
71 56.63 0 1.508 0.814 10.60 0.113 11.9 0.538 99.2 0.33
72 56.90 0 1.508 0.814 8.46 0.063 5.3 0.692 109.2 0.45
73 63.11 90 1.508 1.228 40.23 0.097 39.0 0.638 337.5 8.21
74 63.35 90 1.508 1.228 36.59 0.097 35.4 0.650 309.3 7.38
75 62.80 90 1.508 1.228 41.26 0.073 29.9 0.657 327.1 7.82
76 63.43 70 1.508 1.146 34.73 0.094 32.8 0.581 291.4 4.11
77 64.45 70 1.508 1.146 35.37 0.097 34.3 0.554 263.2 3.55
78 64.91 70 1.508 1.146 35.86 0.096 34.5 0.562 263.7 3.83
79 61.17 45 1.508 0.960 23.21 0.072 16.7 0.576 187.6 1.40
80 62.95 45 1.508 0.960 22.20 0.107 23.8 0.528 192.3 1.30
81 62.45 45 1.508 0.960 22.72 0.092 20.9 0.539 182.8 1.27
82 62.88 0 1.508 0.814 19.87 0.072 14.3 0.538 157.0 0.77
83 62.85 0 1.508 0.814 17.71 0.089 15.7 0.515 142.0 0.62
84 63.15 0 1.508 0.814 17.94 0.084 15.0 0.522 136.2 0.63
85 75.95 90 1.508 1.228 112.50 0.112 125.5 0.509 514.5 29.81
86 75.11 90 1.508 1.228 93.38 0.097 90.2 0.545 494.0 22.53
87 74.80 90 1.508 1.228 91.73 0.113 103.8 0.538 546.4 24.36
88 74.89 70 1.508 1.146 85.00 0.074 63.1 0.524 370.8 12.64
89 74.18 70 1.508 1.146 82.31 0.078 64.5 0.513 400.2 11.57
90 72.12 70 1.508 1.146 76.92 0.075 57.7 0.496 319.0 8.62
91 72.73 45 1.508 0.960 52.94 0.108 57.1 0.475 301.6 5.06
92 73.37 45 1.508 0.960 54.60 0.105 57.6 0.476 317.5 5.29
93 70.93 45 1.508 0.960 54.58 0.097 52.7 0.450 287.9 3.96
94 75.24 0 1.508 0.814 46.64 0.106 49.3 0.405 217.5 2.32
95 73.78 0 1.508 0.814 43.73 0.106 46.5 0.440 249.5 2.62
96 74.05 0 1.508 0.814 41.65 0.087 36.1 0.459 203.8 2.23
97 84.34 90 1.508 1.228 227.89 0.123 280.9 0.534 1049.6 156.73
98 88.69 90 1.508 1.228 243.18 0.128 310.4 0.522 1008.7 170.96
99 86.92 90 1.508 1.228 218.11 0.164 357.2 0.479 1025.4 138.49
100 86.38 70 1.508 1.146 164.69 0.129 211.8 0.419 618.5 43.37
101 84.70 70 1.508 1.146 173.86 0.110 190.7 0.459 595.9 52.53
102 83.59 70 1.508 1.146 175.45 0.108 190.1 0.487 666.4 61.82
103 84.42 45 1.508 0.960 123.66 0.150 185.4 0.406 503.3 26.43
104 84.73 45 1.508 0.960 131.71 0.121 159.7 0.469 503.1 35.11
105 84.22 45 1.508 0.960 118.09 0.126 148.9 0.452 420.9 26.82
106 84.50 0 1.508 0.814 105.72 0.121 128.4 0.417 342.3 16.87
107 85.76 0 1.508 0.814 111.87 0.108 120.3 0.430 381.6 17.66
108 86.17 0 1.508 0.814 107.95 0.131 141.5 0.428 420.9 19.92
109 96.96 90 1.508 1.228 367.32 0.178 654.8 0.541 1924.0 602.82
110 98.05 90 1.508 1.228 378.36 0.182 686.8 0.549 2200.6 686.73
111 97.63 90 1.508 1.228 354.10 0.186 657.5 0.490 1488.7 444.84
112 95.89 70 1.508 1.146 310.67 0.195 606.2 0.467 1633.8 314.48
113 95.91 70 1.508 1.146 314.37 0.195 580.5 0.434 1286.7 258.73
114 96.30 70 1.508 1.146 323.13 0.180 580.1 0.394 1160.6 214.71
115 96.92 45 1.508 0.960 250.75 0.185 464.9 0.482 1313.0 211.90
116 96.88 45 1.508 0.960 243.96 0.199 484.6 0.400 995.4 139.97
117 96.79 45 1.508 0.960 241.59 0.198 479.3 0.378 1000.4 119.74
118 95.61 0 1.508 0.814 185.15 0.211 391.5 0.446 766.6 111.33
119 96.40 0 1.508 0.814 179.77 0.206 370.4 0.312 532.2 53.21
120 95.14 0 1.508 0.814 191.92 0.203 390.5 0.426 822.5 102.48
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detected. In the wet sample, the corresponding variation brings
up several questions, such as how this difference affects subse-
quent paper making processes and is the difference still observable
from dried paper which has undergone different tension conditions
and shrinkage tendencies until it is ﬁnally dry. In any case, the
small differences required for the estimation of runnability and
the quality of the paper web or sheet makes the measurement
and simulation of these properties demanding. The simulation of,
for example, the correct amplitude of curl may be an elusive goal,but the correct tendencies and importance of the different
phenomena can possibly still be studied.
Appendix A
See Figs. A.1–A.6.
Appendix B
See Figs. B.1–B.3.
Table D.3
The ﬁtting parameters for every sample having anisotropy level 2.02. Elastic modulus E, yield strain ey and exponent n of the ﬁnal model (Eq. (21)). Corresponding yield stress ry
and stress at failure rf are also included. Parameter C is constant of parabolic approach according Eq. (19).
Sample DSC (%) c () n uc E (kN/m) ey (%) ry (N/m) n rf (N/m) C (MN/m)
121 58.50 90 2.016 1.420 38.71 0.094 36.4 0.687 387.2 10.94
122 59.03 90 2.016 1.420 39.60 0.092 36.4 0.711 393.3 13.22
123 57.14 90 2.016 1.420 34.38 0.066 22.8 0.790 384.8 15.26
124 59.34 70 2.016 1.218 34.18 0.090 30.9 0.627 282.8 5.24
125 58.46 70 2.016 1.218 31.61 0.088 27.9 0.646 284.3 5.16
126 59.10 70 2.016 1.218 34.51 0.086 29.6 0.629 285.7 5.22
127 58.59 45 2.016 0.892 18.08 0.083 15.0 0.571 156.2 0.94
128 58.10 45 2.016 0.892 14.75 0.061 9.0 0.681 166.4 1.19
129 59.26 45 2.016 0.892 14.47 0.112 16.3 0.602 161.5 1.01
130 61.62 0 2.016 0.704 10.56 0.101 10.7 0.549 122.0 0.34
131 59.31 0 2.016 0.704 8.87 0.107 9.5 0.580 110.0 0.32
132 59.78 0 2.016 0.704 9.36 0.103 9.6 0.578 114.0 0.34
133 63.91 90 2.016 1.420 55.85 0.096 53.8 0.662 516.4 18.96
134 62.88 90 2.016 1.420 49.46 0.094 46.6 0.687 500.9 17.74
135 64.18 90 2.016 1.420 48.97 0.100 48.9 0.687 475.4 17.88
136 64.85 70 2.016 1.218 42.51 0.088 37.2 0.636 382.4 8.59
137 64.43 70 2.016 1.218 43.71 0.090 39.4 0.604 362.9 7.28
138 64.77 70 2.016 1.218 45.20 0.094 42.5 0.601 376.5 7.95
139 64.90 45 2.016 0.892 22.29 0.079 17.7 0.560 203.7 1.26
140 66.12 45 2.016 0.892 25.01 0.093 23.3 0.537 233.0 1.55
141 66.05 45 2.016 0.892 24.22 0.100 24.2 0.518 212.3 1.34
142 66.67 0 2.016 0.704 18.05 0.102 18.5 0.478 156.5 0.55
143 66.78 0 2.016 0.704 18.65 0.097 18.0 0.474 153.2 0.54
144 66.30 0 2.016 0.704 20.34 0.066 13.4 0.515 164.9 0.61
145 74.68 90 2.016 1.420 136.52 0.095 130.0 0.525 677.6 41.53
146 74.86 90 2.016 1.420 138.29 0.103 141.8 0.530 804.8 47.74
147 74.05 90 2.016 1.420 134.07 0.090 120.4 0.537 709.2 41.20
148 76.01 70 2.016 1.218 117.90 0.079 92.9 0.532 626.4 27.44
149 74.82 70 2.016 1.218 120.38 0.087 104.5 0.481 564.3 21.92
150 72.10 70 2.016 1.218 104.02 0.095 98.7 0.492 540.3 19.31
151 76.44 45 2.016 0.892 70.42 0.125 88.1 0.415 372.6 6.90
152 76.62 45 2.016 0.892 67.50 0.121 81.6 0.412 386.9 5.81
153 74.73 45 2.016 0.892 72.11 0.105 75.6 0.422 347.1 6.28
154 77.74 0 2.016 0.704 49.02 0.128 62.6 0.411 302.7 3.19
155 78.52 0 2.016 0.704 46.84 0.120 56.2 0.422 305.0 2.93
156 76.11 0 2.016 0.704 46.14 0.129 59.7 0.409 291.6 2.80
157 85.31 90 2.016 1.420 272.15 0.143 389.2 0.528 1567.3 250.83
158 87.27 90 2.016 1.420 280.46 0.124 348.4 0.546 1505.0 259.37
159 83.48 90 2.016 1.420 270.11 0.125 338.3 0.540 1518.1 235.41
160 82.39 70 2.016 1.218 223.69 0.120 268.4 0.498 1019.8 119.12
161 82.49 70 2.016 1.218 207.59 0.125 258.5 0.501 1039.9 108.33
162 83.82 70 2.016 1.218 202.57 0.126 255.7 0.498 980.9 102.73
163 85.89 45 2.016 0.892 148.90 0.131 195.7 0.439 610.0 40.62
164 85.85 45 2.016 0.892 152.69 0.153 233.7 0.413 613.9 43.51
165 87.36 45 2.016 0.892 152.23 0.128 195.6 0.446 636.3 43.07
166 90.50 0 2.016 0.704 125.09 0.125 156.2 0.432 543.0 25.67
167 91.97 0 2.016 0.704 128.75 0.135 174.3 0.464 527.8 36.69
168 89.73 0 2.016 0.704 121.54 0.132 160.8 0.454 558.4 29.73
169 96.32 90 2.016 1.420 443.93 0.168 746.6 0.474 1881.6 579.29
170 95.43 90 2.016 1.420 431.87 0.164 709.3 0.452 1641.1 474.72
171 96.38 90 2.016 1.420 441.44 0.143 633.0 0.579 2126.8 870.13
172 94.95 70 2.016 1.218 374.71 0.190 713.1 0.485 2084.1 493.87
173 95.66 70 2.016 1.218 369.72 0.188 695.6 0.500 1918.7 517.74
174 94.68 70 2.016 1.218 386.10 0.175 674.3 0.483 1880.3 476.16
175 95.41 45 2.016 0.892 249.83 0.208 519.4 0.436 1584.4 178.48
176 96.06 45 2.016 0.892 249.47 0.196 488.3 0.456 1327.5 191.50
177 94.19 45 2.016 0.892 248.03 0.187 463.1 0.450 1126.2 176.51
178 95.93 0 2.016 0.704 168.58 0.203 342.8 0.467 941.1 96.89
179 95.93 0 2.016 0.704 165.55 0.214 353.6 0.427 949.7 77.80
180 97.21 0 2.016 0.704 164.77 0.212 349.9 0.446 938.5 85.76
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